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JT^ Abstract. We show that if y is a Riemannian metric on a closed piecewise locally symmetric 

manifold M, then the lift of g to the universal cover M has a discrete isometry group. We 
also show that the index [Isom(M) : ni{AI)] is bounded by a constant independent of g. 

o 
O 

1. Introduction 

Let M" be a smooth manifold of dimensfon n, and let g' be a Riemannian metric on M. Let 
g be the lifted metric on the universal cover M. To study the amount of symmetry of M, one 
^ traditionally studies the group Isom(Af, g) of isometries of (M, g). While nonpositively curved, 

locally symmetric spaces of noncompact type have discrete isometry groups, they are "highly 
^ symmetric", i.e. their universal covers are symmetric manifolds and have continuous isometry 

I— ' groups. With this perspective on symmetry of a Riemannian manifold, a more interesting way 

of measuring the symmetry of M is the group lsom(M ,g), for it contains symmetries that are 
J> "hidden" on covers of M. 

The group 7ri(M) of deck transformations on M is a subgroup of Isom((M), 51). A natural 
question to ask is how large can the index [Isom(M) : tti{M)] be. The following phenomenon 
(O is interesting. 

If M is diffeomorphic to a locally symmetric manifold, and g is some Riemannian metric, 
then there is a constant C(7ri(M)) such that if [Isom(M) : 7ri(M)] > C, then g is scalar 
multiple of the locally symmetric metric, in which case [Isom(M : 7ri(M)] = 00 and Isom(M) 
^ is a Lie group of positive dimension. The case where M is closed is due to Farb and Weinberger 

• ^ ([5j), and the case where M is noncompact is due to Avramidi ([!]). 

^ The mechanism for such a finite threshold for non-discreteness of Isom(M) is the existence 

of minimal orbifolds covered by M. More precisely, the question of existence of such minimal 
orbifolds can be formulated as follows. An orbifold V that is (orbifold) covered by M is a 
minimal orbifold if it does not cover any other orbifold. One can ask which manifold M has a 
minimal orbifold? 

The existence of such minimal orbifolds for locally symmetric manifolds is proved by Farb and 
Weinberger ([S]) by combining Mostow-Prasad-Margulis rigidity, a theorem of Kazhdan and 
Margulis, and a theorem of Borel (without Margulis). This does not hold, however, for general 
locally homogeneous manifolds. For example, compact nilmanifolds (or more generally circle 
bundles) do not have minimal orbifolds. It will be interesting to find a proof of the existence 
of minimal orbifolds that does not depend on the above three ingredients. Another class of 
spaces that admit minimal orbifolds is moduli spaces of curves by results of Avramidi ([_2j). It 
is not known that there other any other manifolds that admit mininal orbifolds. 
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In this paper, we prove that closed piecewise locally symmetric manifolds admit minimal 
orbifolds. These manifolds are aspherical and were introduced in [8]. We will recall the defini- 
tion of these manifolds in the next section. As the name suggests, piecewise locally symmetric 
manifolds decompose into pieces that are diff^eomorphic to locally symmetric manifolds. 

The main theorem of this paper is the following. 

Theorem 1. Let M be a closed piecewise locally symmetric manifold. There exists a constant 
C depending only on 7ri(M) such that for any metric h on M , we have 

[Isom(M) : 7ri(M)] < C. 

The constant C can he taken to be \o\{M) /Vn, where Vn is the constant in the Kazhdan- 
Margulis theorem for the symmetric space corresponding to the pieces of M . 

Geometrically, the above theorem says two things. Firstly, closed piecewise locally sym- 
metric manifolds have at most a discrete amount of symmetry, i.e. Isom(M) is discrete. In 
particular, closed piecewise locally symmetric manifolds do not admit any locally homogeneous 
metric. Secondly, the degree of symmetry of a given closed piecewise locally symmetric man- 
ifold is universally bounded independently from the metric. This is because piecewise locally 
symmetric manifolds admit minimal orbifolds. 

All of the above examples are special cases of a conjecture of Farb and Weinberger ([5l 
Conjecture 1.6]). 

Conjecture 2 (Farb and Weinberger). Let M he any closed Riemannian n-manifold, n > 1. 
There exists a constant C depending only on 7ri(M) such that the following are equivalent: 

1. M is aspherical, smoothly irreducible (i.e. M is not finitely covered by a product), ■ki{M) 
has no non-trivial, normal abelian subgroup and [Isom(M) : 7ri(M)] > C. 

2. M is isometric to an irreducible, locally symmetric Riemannian manifold of non-positive 
sectional curvature. 

Acknowledgement. I would like to thank my advisor, Benson Farb, for suggesting this prob- 
lem and for his guidance. I would like to thank Grigori Avramidi, Ben McReynolds and Shmuel 
Weinberger for helpful conversations. 

2. Piecewise locally symmetric manifolds: backgrounds and definition 

We briefly recall the definition of piecewise locally symmetric manifolds and state some 
of their properties, which we will use later to prove the main theorem. For more detailed 
exposition, the readers can see |8j. 

2.1. Compactifications of locally symmetric spaces. Let X be a connected, noncompact, 
finite-volume, complete, locally symmetric, nonpositively curved manifold. Then X has a 
compactification X that is a manifold with corners as follows. 

If X has M-rank equal to 1 , then X can be taken to be X with deleted ends at a "horo cross 
section" (see [9]). Each end of N is the quotient of a horoball in X by a group of parabolic 
isometries. Diffeomorphically, these are S x [0, oo), for S a compact infra- nilmanifold that is a 
quotient of a horosphere in X. 

If X has M-rank > 2, then by the Margulis arithmeticity theorem ([12j), X = K\G/T, for 
some semisimple, linear, connected algebraic group defined over the rational numbers Q with 
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a maximal compact subgroup K, and T is an arithmetic lattice of G. We take X to be the 
Borel-Serre compactification of X ([7J). 

2.2. Piecewise locally symmetric spaces. Let X be as above. Let Xi, for i ^ S, he the 
codimension 1 strata of X. For each x G X, let 

S{x) = {ieS\xe Xi}. 

Let be a Coxeter group whose generators are in one-to-one correspondence with the codi- 
mension 1 strata of X. With abused notation, we write S = {si} be the set of generators of 
W. We require that for each subset T C S, the subgroup generated by elements in T is finite 
if and only if the corresponding strata have nonempty intersection. We define Wt to be the 
subgroup of W that is generated by all s S T. 

Define and equivalence relation on W x X as {h,x) ~ {g,y) if x = y and h~^g G Wgi^^)- 
Then U{W,X) (defined in is the quotient space (W x X)/ ~ and is a manifold. The 
group W naturally acts on U(W,X) with quotient X, and this action is proper. We call 
manifolds that are quotients of U{W, X) by subgroups of W piecewise locally symmetric spaces. 
These manifolds need not be compact, but one can obtain always compact such manifold, e.g. 
U{W, X)/T , for some torsion free finite index subgroup T of W. The existence of such F is 
guaranteed since W is linear. 



Examples: 

1) Let X be a noncompact, finite volume, hyperbolic manifold. Then each ends of X 
is S X [0, oo) for some compact flat manifold S. Let X be the manifold obtained by 
deleting S* x (1, oo). Let M be a double of X. Then M is a piecewise locally symmetric 
manifold. In this case, W = Z2. 

2) Let F be and torsion free finite index subgroup of SL(3, Z), and let X = S0(3)\ SL(3, M)/F. 
The compactification X is a manif old w ith corners with codimension 1 and codimension 



2 strata as below. See also Figure 2.2 for an illustrating picture of M. 

Recall that the parabolic subgroups of SL(n,M) are precisely the subgroups that 
preserves a fiag. There are two kinds of codimension 1 strata, which correspond respec- 
tively to the F-conjugacy classes of the following two parabolic subgroups of SL(3,M). 
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and one kind of codimension 2 stratum, which corresponds to the F-conjugacy class of 
the parabolic subgroup 



Q = 

For each i = 1,2, the codimension 1 strata are the following spaces 




= (PinS0(3))\p,/(P,n7), 
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Figure 1 . Schematic of a manifold with corners with two codimension 1 strata 
and one codimension 2 stratum. 

which a 2-torus bundle over S0(2)\ SL(2,M)/(r n SL(2,Z)), and the codimension 2 
strata are of the form 

c = (Qnso(3))\Q/(Qnr), 

which is a compact nil-manifold. 

Label the codimension 1 strata of X as Si, for i £ I (an index set). Let W be the right 
angle Coxeter system with generators Si £ S. The space U{W, X) is manifold that is 
union of copies of X glued to each other along pairs of codimension 1 boundary strata. 
Now, let r be a torsion free, finite index subgroup of W. The quotient U {W, X) /T is 
a compact piecewise locally symmetric manifold. 

2.3. Rigidity of piecewise locally symmetric spaces. Let M be a compact piecewise 
locally symmetric manifold of dimension n > 2. The decomposition of M into locally symmetric 
pieces are rigid under homotopy equivalence in the following sense ([H], [IH]; 0)- 

Theorem 3. Let M he a piecewise locally symmetric manifold of dimension n > 2, and let 
Mi, i G I , be the locally symmetric pieces in the decomposition of M . Suppose that Mi are 
irreducible. Let f : M — > M be a homotopy equivalence. Then restriction of f to each Mi is 
homotopic to a map g: Mi — > M that is a diffeomorphism onto a piece Mj C M. 
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3. PlECEWISE LOCALLY SYMMETRIC MANIFOLDS HAVE DISCRETE AMOUNT OF SYMMETRY 

Theorem 4. Let M be a piecewise locally symmetric manifold of dimension n > 3 and let 
h be a metric on M . Let h be the lifted metric of h on the universal cover M of M . Then 
Isom(M, h) is discrete. 

Proof. The two key ideas of the proof are the fohowing. Firstly, we prove that if Isom(M, h) is 
not discrete, then by O Theorem 1.3], the manifold {M,h) is isometric an irreducible, locally 
symmetric Riemannian manifold of nonpositive sectional curvature of M rank greater than 1. 
Secondly, we prove that 7ri(M) has an infinite index, infinite, normal subgroup and obtain a 
contradiction to the Margulis normal subgroup theorem. 

Suppose that Isom(M, h) is not discrete. We check that M satisfies the conditions in the 
first statement of [5^, Theorem 1.3]. By [8], the manifold M is aspherical. We need to show 
that M is smoothly irreducible and does not have any normal, infinite abelian subgroup. 

In order to prove the above, we need to use the fact the 7ri(M) is the fundamental group of 
a nonpositively curved complex of groups since M is a complex T of spaces. This is established 
in |8j. What we needs in the following. The vertex groups are 7ri(Mj)'s, the edge groups are 
the fundamental group of the codimension 1 strata, etc. The universal cover M is a simply 
connected, CAT(O) complex T of spaces. The group 7ri(M) acts on T by isometries with 
quotient T. The stabilizer of each cell in T is a conjugate of the corresponding cell group. 

• Showing that M is smoothly irreducible: 

Case 1: The M rank of Mj's is 1. If M is finitely covered by M that is a product, then 
the centralizer of each element in 7ri(M) contains a 7?. By [91 Lemma 5] any subgroup 
of 7ri(M) that is isomorphic to 7? is conjugate to a subgroup in a cusp subgroup of M. 
But this implies that any element in 7ri(M) belongs to a conjugate of a cusp subgroup, 
which is clearly not true. Hence, M is smoothly irreducible (i.e. not finitely covered 
by a product). 

Case 2: The M-rank of Mj's is 2. If M is finitely covered by M that is a product 
Ni X Let Ma be a piece in the decomposition of M. The image of 7ri(Afa) under 
the projection p: 7ri(M) = 7ri(A^i) x vri(A''2) — > TTi{Ni) either is finite or has finite 
kernel since Ma has higher rank, so the Margulis normal subgroup theorem applies Ma. 

If p{7ri{Ma)) is finite, then it is trivial since 7ri{Ni) is torsion free as 7ri(M) is torsion 
free. Hence, 7ri(Ma) is a subgroup of 7ri(A^i) or 7ri(A''2). Without loss of generality, 
suppose that ■Ki{Ma is a subgroup of 7ri(A''i). Then 7ri(A''2) commutes with 7ri(Ma), 
and thus, preserves the Fix set of 7ri(Ma) in the complex T. The fixed set of TTi{Ma) 
is a point since TTi{Ma) is a vertex group. It follows that 7ri(A'^2) has to fix the same 
point, so vri(A''2) < 7ri(Ma). But the projection of 7ri(Ma) onto vri(A''2) is trivial, so 
7ri(A'^2) is trivial. Since A'^2 is a compact, simply connected, aspherical manifold, it has 
to a point. Hence, M is not a nontrivial product. Therefore, M is smoothly irreducible. 

• Showing that 7ri(M) does not contain a nontrivial normal abelian subgroup A: 

Suppose it does. Being normal and nontrivial, the group A is not conjugate to 
a subgroup of any vertex group of ■ki{M) for the following reasons. The group A is 
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infinite since it is nontrivial, abelian and torsion free. If A is conjugate to a subgroup of 
a vertex group of 7ri(M), say, ■Ki{Ma), then vri (Ma) has an infinite, normal subgroup, 
which must have finite index in TTi{Ma) by the normal subgroup theorem. Hence, 
■7Ti{Ma) is virtually abelian, which contradicts the fact that Ma is a higher rank lattice. 

Hence, A does not fix a point in the complex T of 7ri(M). By [6l Proposition 2.3], 
there is an ^-invariant fiat F in T on which A acts by translations. Since A is normal, 
gag~^ G A for all g G 7ri(M). But gag~^ is a translation along the flat g{F), so it is 
not a element in A for general g. Hence, 7ri(M) does not contain a nontrivial finitely 
generated normal abelian subgroup. 
We have shown that (M, h) satisfies the conditions in the first statement of [JJ Theorem 1.3]. 
Thus, M is isometric to an irreducible, locally symmetric Riemannian manifold of nonpositive 
sectional curvature. Therefore, M = T\G/K, where G is a semisimple Lie group of noncompact 
type, K is a maximal compact subgroup of G and T is an irreducible, cocompact lattice that 
is isomorphic to 7ri(M). Since ■ki{M) contains a subgroup that is isomorphic to Z^, it follows 
that M must have higher M rank. Therefore, 7ri(M) is almost simple by the normal subgroup 
theorem. 

Let X be a fundamental chamber of M. The inclusion of X into M is a retraction. There 
is a folding map /: M — > X that restricts to the identity on X. Hence the induced map 
on fundamental groups is surjective. Thus H := Ker f^, is an infinite index subgroup of 7ri(M). 
We claim that H is infinite and thus contradict the Margulis normal subgroup theorem. This 
is easily seen by looking at the obvious elements that get sent to 1 by /=„, i.e. the concatenation 
of a (hyperbolic type) loop in one copy of X with its inverse in an adjacent copy of X in M. 
This is element is a non-identity element, and thus, has infinite order since tti(M) is torsion 
free. □ 

4. PlECEWISE LOCALLY SYMMETRIC MANIFOLDS HAVE A BOUNDED AMOUNT OF SYMMETRY 

We will prove Theorem [T] in this section. Firstly, we prove the following lemma which we 
will need in the proof of Theorem [TJ 

Lemma 5. Let M be a piecewise locally symmetric manifold. Then for any Riemannian metric 
h on M, the group Isom(M, /i) is isomorphic to a subgroup of 0\A{tti[M)) . 

Proof. By Theorem [4| the group Isom(M, h) is discrete, which implies that Isom(M, h) is 
discrete. Let (p: Isom(M, /i) — > Out(7ri(M)) be the canonical homomorphism. We need to 
prove that (j) is injective. But this follows from a theorem in [3j which says the following. 

Theorem 6 (Borel, Conner, Raymond). Let M be a closed connected aspherical manifold 
with centerless fundamental group. If G is a finite group that act effectively on M , then the 
canonical homomorphism ip: G — > Out(7ri(M)) is a monomorphism. 

Since, M is closed connected and aspherical we just need to check that 7ri(M) has trivial 
center. But this follows from the proof of Theorem [4| □ 

Now we prove Theorem [T] 

Proof of Theorem [i| The proof is similar to that in [5j . Let X be the M with the lifted metric 
h from M. By theorem |4| the group Isom(X) is discrete. So X/ Isom(X) is a compact orbifold 
covered by M. The degree of the cover is d = [Isom(M) : 7ri(M)]. 



MINIMAL ORBIFOLDS AND (A)SYMMETRY OF PIECEWISE LOCALLY SYMMETRIC MANIFOLDS 7 



Let (M, h) be a finite sheeted cover of (M, h) that is a nontrivial normal cover of X/ Isom(X). 
Such cover of M exists for group-theoretic reasons. Let e be the degree of the cover M — > M. 
Let F = Isom(X)/7ri(M) be the group of deck transformations of {M,h) as a covering space 
of X/ Isom(X). 

Let Ai (respectively, A^) be the disjoint union of all the complete locally symmetric spaces 
corresponding to the pieces Yi in the cusp decomposition of M (respectively, Ai), i.e. they are 
the spaces before we delete the ends of their cusps. 

By Lemma [^the group F is isomorphic to a subgroup H of Out(7ri(M)) since F acts 
effectively on {M,h). Then the action of each element of H is realized by isometry of A4 
with respect to the locally symmetric metric gioc- Since is a finite group, H cannot contain 
nontrivial twists (see [8] for the definition of twists). Hence, the action of each element of H 
on Ai is effective. 

We claim that if any element of F preserves a component of Ai it acts effectively on that 
component. Suppose this is not true, i.e. there is / G F such that the restriction / to a piece 
Mi is the identity map. Since / has finite order, the lift / of / restricted to Mi has finite order. 
By Lemma [7] below, this is not possible and the claim follows. 

Let W be the quotient of Ai by F. Now, \H\ = \F\ = de. So 

^_\H\ _ \o\{M,gioc) _ e\o\{M,gioc) _ Yo\{M,gioc) 



e eVol(W, 5ioc) eVol(W,5ioc) Vol(W,fi;oc) 

Let > be a lower bound of the volume of n-dimensional orbifolds. Such a Vn exists by 
a theorem of Kazhdan and Margulis (see jlH Corollary XL11.9]). Hence, 

Yo\{M,gioc) 

Vn 

So we can let the constant in the theorem to be C = {-^ idioc) ^ ^ 



Lemma 7. Let X he a noncompact locally symmetric space with finite volume. Let f : X — > X 
be a finite order isometry and f : X — > X be a lift of f . Suppose that f preserves a lowest- 
dimensional stratum C of X. If the restriction of f to C is homotopic to the identity map, 
then f has infinite order. 

Proof. Since / is homotopic to the identity map on C, the lifted map / must be in the center 
of ■Ki{C). Suppose that / has finite order. Since M is contractible, the set Fix(/) is nonempty. 
Since / preserves C, a lift of C that contains the basepoint, and C is contractible, it follows 
that the intersection W = Fix(/) n C is nonempty. 

We claim that is a contractible complete submanifold of C. This is because Fix(/) is 
diffeomorphic to M'^ x W , for k the codimension of C in X. Now, Fix(/) is contractible since 
it is convex (complete) submanifold of M. Thus, W must be contractible. Since / preserves 
C and is homotopic to the identity map on C, we have 

/ o 7 = 7 o 7, 
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Figure 2. The Fix set of /. 

for all 7 E 7ri(C). This means that vri(C) preserves the Fix set of / in C, which is W. So 
7ri(C) acts freely, properly discontinuously on a contractible manifold of dimension at most 
n — k — 1. This contradicts the cohomological dimension of 7ri((7), which is n — k. □ 
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